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Mesoscopic physics of photons

Eric Akkermans

Department of Physics, Technion, 32000 Haifa, Israel

Gilles Montambaux

Laboratoire de Physique des Solides, Université Paris-Sud, F-91405 Orsay Cedex, France
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We review the general features of coherent multiple scattering of electromagnetic waves in random media. In
particular, coherent backscattering and angular correlation functions of speckle patterns are studied in some
detail. We present a general formalism based on a physically intuitive description that also permits us to
derive quantitative expressions. Then, the notion of phase boxes describing the quantum crossings of diffu-
sons is discussed. This notion permits us to understand the long-range correlations that are at the origin of
most of the mesoscopic effects either for electrons or photons. Then, we turn to the problem of decoherence,
namely, the washing out of interference effects. We use as an example the effect of a nondeterministic motion
of the scatterers. We discuss some applications of these ideas to diffusive wave spectroscopy, including cal-
culations of the intensity–time correlation function in the presence of quantum crossings. © 2004 Optical
Society of America
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1. INTRODUCTION
It has been widely accepted since the beginning of the
20th century that interference effects hardly survive mul-
tiple scattering. The success of powerful descriptions
such as the radiative transfer equation for electromag-
netic waves in random media or the Drude theory for met-
als is a consequence of this observation.

Nevertheless, such a statement is not entirely correct,
and residual interference effects such as weak localiza-
tion, the Sharvin–Sharvin effect, or the universal conduc-
tance fluctuations, have been proposed and observed first
in metals. They have led to a completely new under-
standing of transport and thermodynamic properties of
disordered metals and semiconductors. This new picture
defines, as a whole, the field of mesoscopic quantum
physics.1–4 The same reformulation also took place in
the field of coherent multiple scattering of light,5–7 and
the purpose of the present contribution is to review the
mesoscopic physics of photons.

The study of interference effects in multiple scattering
is an interesting subject on its own. The phenomenon is
the basis of a large range of problems of interest such as
the propagation of photons in cold atomic gases, suspen-
sions of classical scatterers, and random lasers, to men-
tion a few. The localization of light is a hotly debated
and still unsolved problem. Unlike electrons, it is not
possible to trap light (at least for the usual case of mate-
rials with positive dielectric function) in a potential well.
The only remaining possibility is to achieve the Anderson
localization transition through coherent multiple scatter-
ing. This is an additional strong incentive to study this
problem.
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2. COHERENCE AND MULTIPLE
SCATTERING
We start with some elementary aspects of interference ef-
fects. To illustrate our approach, consider first the Young
interferometer. A monochromatic wave emitted from a
point source impinges on a screen with two parallel slits.
The two emerging waves give rise to an interference pat-
tern on a second screen placed far away. This pattern
can often be seen with the unaided eye. It consists of a
set of parallel bright fringes that result from the superpo-
sition of amplitudes whose length difference (in units of
the wavelength) is an integer. The simplest way of pre-
dicting the form of the interference pattern is to ignore
the vector character of the electromagnetic field and in-
troduce a scalar electric field E(r, t). This amounts to
ignoring polarization effects.

This interference pattern is very sensitive to any kind
of dephasing. Suppose, for instance, that the source field
E(r, t) is no longer monochromatic. It can then be writ-
ten as a random Fourier superposition of orthogonal
modes of different frequencies. The randomness ac-
counts for the statistical uncertainty that characterizes
the source. For stationary fields, the ensemble average
can be replaced by a time average. The interference
term in the intensity is now multiplied by the correlation
function of the electric field ^E(r, t)E* (r, t8)&, and, fol-
lowing Born and Wolf,8 we define the degree of coherence
at a point by

g12~r, T ! 5
^E~r, T !E* ~r, 0!&

^uE~r, 0!u2&
. (1)
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This function decreases with a characteristic phase coher-
ence time T* that describes the coherence of the source.
The condition for observing interferences is that the
length difference Dl between the two amplitudes is
shorter than cT* . It can be shown that the visibility of
the fringes is directly proportional to ug12(T 5 Dl/c)u. If
ug12(Dl/c)u 5 1 the intensity at a point of the screen is the
same as would be obtained with a strictly monochromatic
light. In that case, we say that the two amplitudes that
superpose are coherent. In the other limiting case,
ug12(Dl/c)u 5 0, the intensity is the sum of the intensities
coming from the two slits, there is no longer any interfer-
ence, and the superposition of the two waves is said to be
incoherent. In the intermediate case, we shall speak of a
partially coherent superposition. These general defini-
tions apply not only to the Young interferometer, but to
any kind of superposition of amplitudes or of intensities,
such as in the Handbury-Brown–Twiss interferometer.9

To summarize, for time T smaller than the phase-
coherence time, the coherence is maintained and the in-
terference pattern is visible. For time T larger than the
phase coherence time, the coherence is lost and the inten-
sity at a point is simply the incoherent sum of the inten-
sities.

Let us see now how this scheme can be extended to the
case of multiple scattering in a stationary random me-
dium. To that purpose we consider a monochromatic
electromagnetic wave incident from a source placed out-
side the medium that experiences a large number of elas-
tic scatterings in the medium before emerging and being
collected on a detector placed far from the medium. We
shall assume that the scatterings are independent, ran-
dom events, each characterized by a scattering cross sec-
tion s. The elastic mean free path, defined by le
5 1/nis, where ni is the density of scatterers, is the av-
erage distance between two successive scatterings. It is
important to emphasize that le is much larger than the
average distance ni

21/d between scatterers, and it depends
on the scattering properties of the potential through its
cross section s. For the sake of simplicity, the more gen-
eral situation of anisotropic scattering and the distinction
between elastic and transport mean free paths will not be
considered here.5,7

We consider the geometry of a slab (Fig. 1) for which
the light incident from a source placed outside the me-
dium scatters inside the medium and emerges either in
reflection or in transmission. For a fixed configuration of
scatterers, the image obtained on a screen is a speckle
pattern which corresponds to the random superposition of

Fig. 1. Geometry of a slab of width L and section S used for the
measurement of the angular-correlation functions both in reflec-
tion and in transmission.
the complex multiple scattering amplitudes. As such,
the random distribution of bright and dark spots is analo-
gous to the fringe pattern obtained in the Young interfer-
ometer, and the system is fully coherent. By averaging
over the configurations, the interference pattern disap-
pears. For a stationary, random distribution of moving
scatterers, the equivalence between the configuration and
the time averages relies on the ergodic assumption. In
contrast to the Young interferometer, there are now two
possibilities for decoherence. One might result from the
source that emits light with a finite phase-coherence time.
This corresponds to the situation of a partially coherent
light discussed previously.

The other source of decoherence is the scattering me-
dium itself. For instance, a nondeterministic motion of
the scatterers will modify the speckle pattern.10–12 An-
other example is provided by scatterers with internal de-
grees of freedom such as atomic degenerate levels.13,14

The characteristics of the photons emitted by these atoms
(like resonant Rayleigh scattering) depend on the internal
quantum states. The outgoing light is averaged over the
statistical distribution of the atoms. This leads to a fi-
nite phase-coherence time that also modifies the interfer-
ence pattern. It is usual, in the field of coherent multiple
scattering, to discuss separately these two cases of deco-
herence. Here, we shall consider only situations where
the decoherence originates from the scattering system it-
self and not from the properties of the source. We define
a phase-coherence time tf or, equivalently, a phase-
coherence length Lf . For a size L of the scattering sys-
tem that is smaller than Lf , coherence is preserved.
This defines the mesoscopic regime, following the expres-
sion coined for electronic systems. For system sizes L
. Lf , the system becomes incoherent and can be de-
scribed classically.

The paper is organized as follows. The basic descrip-
tion of incoherent elastic multiple scattering is given in
Section 3. The main quantity that permits us to describe
the transport of the intensity is called the diffuson. It is
obtained from a semiclassical description of multiple scat-
tering, and it is equivalent to the solution of the radiative
transfer equation.5 The diffuson is a classical object,
thus insensitive to any dephasing process in the system.
Among the various interference effects, we shall study
first coherent backscattering, which modifies the average
intensity reflected from a random medium. We shall pro-
ceed further with a description of the correlation proper-
ties of speckle patterns. They result from the random su-
perposition of the multiple-scattered waves and can be
viewed as a fingerprint of the corresponding disorder con-
figuration. The bright or dark spots in those patterns
have short-range correlations already present in the
single scattering limit. They also exhibit long-range cor-
relations that are a consequence of coherent multiple
scattering.

3. MULTIPLE SCATTERING: DIFFUSON
AND COOPERON
We turn now to a more quantitative description of inter-
ference effects in the multiple-scattering regime. Let us
start with the following general setup. Consider a given
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configuration of scatterers (Fig. 2) and the corresponding
amplitude A(k, k8) of a monochromatic plane wave of
wavelength l incident along the direction defined by the
wave vector k and outgoing along k8. The amplitude can
be written as

A~k, k8! 5 (
r1 ,r2

f~r1 , r2!exp@i~k • r1 2 k8 • r2!#,

(2)

where f(r1 , r2) is the complex amplitude for the wave
propagation between r1 and r2 and can be written as the
sum S jaj exp(2ipdj), where each path j represents a scat-
tering sequence between the points r1 and r2 . The cor-
responding intensity is

uA~k, k8!u2 5 (
r1 ,r2

(
r3 ,r4

f~r1 , r2!f* ~r3 , r4!

3 exp@i~k • r1 2 k8 • r2!#

3 exp@2i~k • r3 2 k8 • r4!# (3)

with

f~r1 , r2!f* ~r3 , r4! 5 (
j, j8

aj* ~r1 , r2!aj8~r3 , r4!

5 (
j, j8

uajuuaj8uexp@2ip~d j8 2 d j!#.

(4)

The phase d j8 2 d j measures the length difference be-
tween multiple-scattering trajectories in units of the
wavelength l. Except for identical scattering sequences,
this difference is always comparable with the elastic
mean free path le . In the weak scattering (or weak dis-
order) regime defined by le @ l, this phase difference is a
rapidly oscillating function. Therefore, on average over

Fig. 2. Multiple scattering trajectories that contribute both to
the incoherent and the coherent intensity.
the configurations, most of the contributions to the inten-
sity disappear except those corresponding to identical
scattering sequences.

For a given scattering sequence, there are two choices
for the corresponding identical sequence: either passing
through the same sequence of scatterers or passing
through them but in reversed order (Fig. 2). Moreover, to
have identical trajectories imposes that r1 5 r3 and r2
5 r4 in Eq. (3) for the first choice, and r1 5 r4 and r2
5 r3 for the second. We thus obtain for the average in-
tensity

uA~k, k8!u2 5 (
r1 ,r2

u f~r1 , r2!u2

3 $1 1 exp@i~k 1 k8! • ~r1 2 r2!#%.

(5)

The second term in the curly brackets contains a phase
factor that depends on the two points r1 and r2 . The
sum over those points makes this term vanishing except
for two remarkable cases:

1. k 1 k8 . 0; for an outgoing direction exactly oppo-
site to the incident one, the intensity is exactly twice its
classical (incoherent) value. Moreover, since the classical
expression does not involve any angular dependence, the
second term that depends on k 1 k8 gives a peak to the
average reflected intensity. This phenomenon is called
coherent backscattering.15,16 It is the last interference
effect that, for weak scattering, survives the disorder av-
erage.

2. In the sum of Eq. (5), terms such that r1 5 r2 are
peculiar since they describe closed trajectories. It is a co-
herent contribution to the average that remains finite
even if it is not possible to keep the directions k and k8
fixed. This is the case in metals or semiconductors where
this coherent contribution modifies the average transport
properties, such as the electrical conductivity. This term
is at the origin of the weak localization phenomenon.

The second term in Eq. (5) describes the interference
between two time-reversed trajectories. Its occurrence
requires that the two reversed sequences see exactly the
same scattering events. Therefore, any process that
breaks this interference such as a nondeterministic mo-
tion of the scatterers, a trace over internal degrees of free-
dom, or a breaking of the time-reversal symmetry, to men-
tion a few, will be a source of decoherence. As such, it
will be described by a degree of coherence or by a phase-
coherence time tf . We shall come to this later on.

The incoherent and coherent contributions that appear
in the average intensity Eq. (5) are called, respectively,
diffuson and cooperon. The diffuson u f(r, r8)u2 is given
by the sum of all the scattering sequences, and it repre-
sents the classical probability of joining the points r and
r8 (see Fig. 3). It can be generalized to the case of two
amplitudes taken at different frequencies v0 and v0

2 v, namely, fv0
(r, r8)fv02v* (r8, r). More precisely, we

define the probability

P~r, r8, v! 5
4p

c
fv0

~r, r8!fv02v* ~r8, r!, (6)
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where c is the velocity of the wave.
This probability is normalized so that its Fourier trans-

form obeys *0
`dr8P(r, r8, t) 5 1.5 Further insights re-

garding the probability are given in Refs. 4, 5, and 7.
Here we shall use only its expression in the limit of slow
spatial and frequency variations, i.e., for ur 2 r8u @ le
and vte ! 1. It is then the solution of the diffusion equa-
tion

~2iv 2 DDr!P~r, r8, v! 5 d ~r 2 r8!, (7)

where the diffusion coefficient is defined by D 5 cle/3
5 le

2/(3te). The diffuson, or solution to Eq. (7), is long
ranged. For instance, it behaves like P(r, r8)
5 1/4pDur 2 r8u in three-dimensional free space.

The behavior of the diffuson can also be obtained from
the so-called radiative transfer equation, which gives the
solutions of the specific intensity of the wave.5 This lat-
ter approach, which is strictly equivalent, is more system-
atic although less versatile. It permits one to implement
physical boundary conditions for the diffuson by demand-
ing that the diffusive flux incident on the scattering me-
dium vanish. For the geometry of a slab (Fig. 1), this
boundary condition corresponds to the vanishing of P out-
side the disordered slab at the points 2z0 and L 1 z0
with z0 5 (2/3)le .

4. COHERENT BACKSCATTERING CONE
We now return to the coherent backscattering interfer-
ence effect for the geometry of a semi-infinite disordered
system (Fig. 4). A monochromatic wave emitted from a
source placed at infinity is incident on the interface of sur-
face S. It experiences multiple scattering before emerg-
ing and being collected on a detector placed far from the
interface and defined by the direction ŝe .

The reflected intensity, also called the albedo a, is given
by the ratio between the flux of the Poynting vector per
unit time and solid angle and the incident flux. Assum-
ing that the incident light is perpendicular to the inter-
face, we obtain for the average incoherent albedo ad the
following expression written in terms of the diffuson5:

ad 5
c

4ple
2S

E dr1dr2 expS 2
z1

le
D expS 2

z2

mle
DP~r1 , r2!,

(8)

where m is the projection of ŝe along the z axis. For a
semi-infinite medium, we obtain

Fig. 3. Multiple scattering trajectories that contribute to the
classical probability.
ad 5
c

4ple
2 E

0

`

dz1dz2 expS 2
z1

le
D

3 expS 2
z2

mle
D E

S
d2rP~r, z1 , z2!. (9)

The solution of the stationary (v 5 0) diffuson Eq. (7) for
this geometry and with the effective boundary condition
derived from the radiative transfer equation is obtained
by using the image method:

P~r, z1 , z2! 5
1

4pD F 1

Ar2 1 ~z1 2 z2!2

2
1

Ar2 1 ~z1 1 z2 1 2z0!2G , (10)

with z0 5
2
3 le . The incoherent albedo is thus given by

ad 5
3

4p
mS z0

le
1

m

m 1 1 D . (11)

It depends very weakly on the angle between the ingoing
and the outgoing directions.

The coherent contribution ac is similarly obtained17,18

from relation (5) so that

ac 5
c

4ple
2 E dr1dr2 expF2S m 1 1

2m
D z1 1 z2

le
GP~r1 , r2!

3 exp@ik~ ŝi 1 ŝe!•~r2 2 r1!#. (12)

The phase factor accounts for the angular dependence of
the coherent albedo. In the backscattering direction ŝi
1 ŝe 5 0, we have (Fig. 5)

ac~u 5 0 ! 5 ad . (13)

Fig. 4. Contribution of the diffuson to the average incoherent
albedo.

Fig. 5. Contribution of the cooperon to the average coherent al-
bedo.
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By defining the projection k' 5 (ki 1 ke)' 5 k( ŝi 1 ŝe)'

onto the interface and considering the limit of small
angles, we can disregard the projection of ŝi 1 ŝe onto the
O –z axis,19 so that the coherent albedo may be rewritten

ac 5
c

4ple
2 E

0

`

dz1dz2

3 expF2S m 1 1

2m
D z1 1 z2

le
G

3 E
S
d2rP~r, z1 , z2!exp~ik' •r!. (14)

The second integral is nothing but the Fourier transform
P(k' , z1 , z2) of P(r, z1 , z2) given by Eq. (10):

P~k' , z1 , z2! 5
1

2Dk'

$exp~2k'uz1 2 z2u!

2 exp@2k'~z1 1 z2 1 2z0!#%.

(15)

Neglecting the weak m dependence, we obtain

ac~u! 5
3

8p

1

~1 1 k'le!
2 F1 1

1 2 exp~22k'z0!

k'le
G .

(16)

For small angles, k' . (2p/l)u, the coherent albedo is
nonvanishing within a cone of angular width l/2ple
around the backscattering direction, and

ac~u! . ac~0 ! 2
3

4p

~le 1 z0!2

le
k' 1 O~k'

2!. (17)

We use the notation

ac~u! . ac~0 ! 2 bk'le , (18)

with

b 5
3

4p
S 1 1

z0

le
D 2

5
25

12p
. (19)

The coherent backscattering peak has a cusp singularity
which results from the sum of the coherent contributions
of all the possible multiple scattering paths. This behav-
ior has been observed in great detail.20–23 To obtain fur-
ther insight, we write the probability under the form
P(k' , z, z8) 5 *0

`dtP(k' , z, z8, t) where

P~k' , z, z8, t ! 5
exp~2Dk'

2t !

~4pDt !1/2 $exp@2~z 2 z8!2/4Dt#

2 exp@2~z 1 z8 1 2z0!2/4Dt#%.

(20)

Here, the time parameter t plays the role of the length n
of the diffusion path, namely, t 5 nte . For long enough
trajectories, t @ te , we have

ac~u! .
25

9
cle

2E
0

`

dt
exp~2Dk'

2t !

~4pDt !3/2 . (21)

The coherent albedo thus appears as a sum of Gaussian
terms weighted by the probability (Dt)23/2 for a random
walk to reach the plane z 5 z0 . While each term is para-
bolic around u 5 0, the integral has a singularity around
this value. The angle u appears as the conjugate of the
length n 5 t/te of the diffuson paths. Hence, the contri-
bution at small angle results from the long multiple-
scattering trajectories. In the presence of a finite phase-
coherence length Lf , the trajectories longer than Lf are
no longer coherent and therefore do not contribute to the
coherent backscattering peak, which appears rounded off
at small angles.

5. CORRELATIONS IN SPECKLE PATTERNS
Thus far, we have studied the behavior of the average in-
tensity. The ensemble average is obtained by assuming
ergodicity and by using either the rotation of a solid
sample or the motion of the scatterers. In the latter case,
an incident wave packet (a pulse) probes a static configu-
ration of the scatterers. This is a consequence of the
large ratio between the velocities of the light and of the
scatterers. Hence, a pulse realizes an instantaneous pic-
ture of the disordered medium known as a speckle pat-
tern that displays a random distribution of bright and
dark spots. More quantitatively, the intensity distribu-
tion is shown to obey a Rayleigh law that states that the
fluctuations are large and of the order of the average in-
tensity.

A broad range of measurements can be performed on
speckle patterns. An example is provided by the
angular-correlation function. For the slab geometry of
Fig. 1, an incident beam along the direction ŝa is either
reflected or transmitted along ŝb . The transmission co-
efficient Tab is defined just like the albedo, i.e., by the flux
of the Poynting vector along the outgoing direction per
unit time and solid angle, normalized to the incident flux.
It is important to take into account that this geometry dif-
fers from the waveguide geometry generally used to de-
scribe the conductance of a conductor within the Land-
auer formalism. In this latter case, the incident and
transmitted waves are plane waves with boundary condi-
tions imposed by the waveguide. This leads to the quan-
tization of the transverse channels. Here, instead, there
are incident plane waves but transmitted spherical
waves. This corresponds to different boundary condi-
tions and to a continuous distribution of the transmitted
angular directions.5

To go further, we consider the normalized correlation
function

Caba8b8 5
dTabdTa8b8

T̄abT̄a8b8

, (22)

where dTab 5 Tab 2 T̄ab .
By definition, this correlation function is obtained from

the product of four complex amplitudes (Fig. 6) describing
multiple-scattering sequences in the disordered medium.
Here again, as for the average intensity, the nonvanishing
contributions correspond to the amplitudes that can be
paired into diffusons (Fig. 7).

For the angular configuration a 5 a8 and b 5 b8, the
two contributions of Fig. 7 are identical and we obtain
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dTab
2 5 Tab

2. (23)

This constitutes the Rayleigh law that accounts for the
characteristic granular structure of a speckle pattern, i.e.,
relative fluctuations of order unity. This is the most im-
portant and ‘‘visible’’ property of a speckle pattern. It ex-
ists also in the single-scattering regime.24

The average transmission coefficient T̄ab involves one
diffuson. Its calculation is analogous to the one leading
to the incoherent albedo ad . It should be noted that in
transmission there is obviously no coherent backscatter-
ing effect, but there are weak localization effects that we
do not consider. In the slab geometry and similar to ex-
pression (8), we have

T̄ab 5
c

4ple
2 E dz1dz2d2r exp~2z1 /male!

3 exp~2uL 2 z2u/mble!P~r, z1 , z2!, (24)

where ma (resp. mb) is the projection of ŝa (resp. ŝb) along
the z axis. Integrating over z1 and z2 , we obtain

T̄ab 5
c

4p
mambE

S
d2rP~r, male , L 2 mble!

5
c

4p
mambP~k' 5 0, male , L 2 mble!, (25)

which involves the two-dimensional Fourier transform of
the diffusion that in the slab geometry is

P~k' , z, z8! 5
1

D

sinh k'zm sinh k'~L 2 zM!

k' sinh k'L
, (26)

with zm 5 min(z, z8) and zM 5 max(z, z8). For k' 5 0
we have

Fig. 6. Angular-correlation function in transmission corre-
sponding to four waves incident along the directions ŝa and ŝa8
and outgoing along the directions ŝb and ŝb8 . A nonzero contri-
bution corresponds to the pairing of two amplitudes into a diffu-
sion.

Fig. 7. Two contributions to the product TabTa8b8 that corre-
spond, respectively, to the pairing C1 5 C2 , C3 5 C4 and C1

5 C4 , C2 5 C3 . The first gives TabTa8b8. The second corre-
sponds to the angular correlation function noted Caba8b8

(1) in the
text.
P~0, z, z8! 5
zm

D S 1 2
zM

L D . (27)

By inserting this relation into Eq. (25), we obtain for
small angles ma . mb . 1

T̄ab 5
3

4p

le

L
. (28)

This relation results from a particular choice of boundary
conditions for the diffusion equation, namely, a vanishing
of the probability at the boundaries z 5 0, L of the slab.
We have seen that a more precise calculation should use
the extrapolation length z0 5

2
3 le so that zm → zm 1 z0

and zM → zM 1 z0 in Eq. (27). This is of no importance
for the calculation of the normalized correlation function
of Eq. (22).

A. Short-Range Correlation C (1)

The main contribution to the angular-correlation function
is shown by Fig. 7(b). Its calculation is very similar to
those of the average transmission coefficient apart from
the additional phase factors.25 By defining the vectors
D ŝa 5 ŝa 2 ŝa8 and D ŝb 5 ŝb 2 ŝb8 and neglecting their
projection along the z axis, we have

dTabdTa8b8 5 H c

4ple
2 E d2rdz1dz2

3 exp@ik~D ŝa •r1 2 D ŝb •r2!#exp~2z1 /le!

3 exp~2uL 2 z2u/le!P~r, z1 , z2!J 2

. (29)

By performing the z integrals and defining qa 5 kuD ŝau,
we obtain for qale ! 1,

Caba8b8
~1 !

5 dD ŝa ,D ŝb
F1~qaL ! 5 dD ŝa ,D ŝbS qaL

sinh qaL D 2

(30)

with

F1~x ! 5 S x

sinh x D 2

(31)

This expression permits us to understand some of the
qualitative insights of the memory effect.26,27,19

The structure of expression (29) is formally similar to
expression (14) for the coherent albedo. To make this
analogy more quantitative, consider the correlation func-
tion of the reflection coefficient Rab defined by

dRabDRa8b8 5 H c

4ple
2 E d2rdz1dz2

3 exp@ik~D ŝa •r1 2 D ŝb •r2!#exp~2z1 /le!

3 exp~2z2 /le!P~r, z1 , z2!J 2

, (32)

which we may rewrite as



E. Akkermans and G. Montambaux Vol. 21, No. 1 /January 2004 /J. Opt. Soc. Am. B 107
dRabdRa8b8 5 dD ŝa ,D ŝbF c

4ple
2 E

0

`

dz1dz2 exp~2z1 /le!

3 exp~2z2 /le!P~qa , z1 , z2!G 2

, (33)

where qa 5 kuD ŝau. Using expression (14) of the coher-
ent albedo, we then have

dRabdRa8b8 5 R̄abR̄a8b8dD ŝa ,D ŝbFac~qa!

ac~0 !
G2

. (34)

B. Diffuson Crossings: Phase Box and Long-Range
Correlations
Until now, we have managed to reduce a given product of
complex amplitudes to a product of diffusons (or cooper-
ons for the coherent albedo). The diffuson is a classical
solution independent of the phases of the two underlying
complex amplitudes. There is nevertheless a way to re-
trieve information about these phases when two diffusons
cross each other or at the self-crossing of a single diffuson.
To get some further insight, we consider the situation de-
picted in Fig. 8. There, the two ingoing diffusons ex-
change their complex amplitudes to build two outgoing
diffusons in which the amplitudes are paired differently.
To preserve the coherence at a crossing, we must require
that its spatial extension not exceed the elastic mean free
path le so as not to accumulate too large a phase mis-
match. It can be shown that the volume of such a ‘‘phase
box’’ is l2le .5 We shall characterize the phase box in
more detail in Subsection 5.C. We just mention here that
these phase boxes, also called Hikami boxes in the litera-
ture, play a ubiquitous role in mesoscopic quantum
physics.28–31

Since a phase box preserves the coherence and ex-
changes complex amplitudes, a diffuson crossing can be
viewed as an interference effect. It is therefore impor-
tant to evaluate the occurrence of such crossings. To that
purpose, we consider again the geometry of a slab of
width L and volume V 5 LS, where the characteristic
time for a diffusive trajectory to transit the sample is tD

Fig. 8. Contribution to dTabdTa8b8 involving one crossing of the
two diffusons. The different cases correspond to configurations
of plane waves incident along ŝa and ŝa8 and outgoing along ŝb
and ŝb8 . The diagrams on the left depend on D ŝb but not on D ŝa
and the opposite for the diagrams on the right.
5 L2/D. The length of this trajectory is thus L 5 ctD

5 3L2/le . The volume of the crossing being l2le , we
may characterize a diffuson by its length L and its cross
section l2. The occurrence of a crossing is thus given by
the ratio of the two volumes l2L/V 5 l2L/leS } 1/g,
where we have defined the dimensionless quantity

g 5
k2leS

3pL
, (35)

with k 5 2p/l. This is the so-called dimensionless con-
ductance of a wire of length L and section S. In the limit
kle @ 1 of a weak disorder, g is large, typically of the or-
der of 102. Therefore, we may assume that the crossing
events are uncorrelated, so that the probability of n cross-
ings is given by 1/gn. This permits us to classify any con-
tribution in terms of its number of crossings as repre-
sented in Fig. 9.

The contributions to the average intensity, as with the
albedo, may also involve one or more self-crossings. This
is at the origin of the so-called weak localization correc-
tions and, more generally, the scaling theory of the Ander-
son localization transition.

For the case of the speckle correlation functions, we
have additional contributions involving one or more cross-
ings. We shall now study them.

C. Long-Range Correlations C (2) and C (3)

The next contribution to the correlation function arises
from terms involving one crossing of two diffusons (Fig.
8). Because of the structure of the phase box the
angular-correlation function is different from C (1). This
gives rise to the two possibilities

~aa !~a8a8! → ~bb8!~bb8! (36)

and

~aa8!~aa8! → ~bb !~b8b8!. (37)

The corresponding expression for these two cases is

Fig. 9. Classification of the contributions to the correlation-
function Caba8b8 in terms of the number of crossings of two diffu-
sons. At each crossing, the corresponding contribution is multi-
plied by 1/g ! 1. The three contributions represented in (a), (b),
(c) are denoted, respectively, C (1), C (2), C (3).
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dTabdTa8b8
~2 ! 5 S c

Sle
2D 2E )

i51

4

dri$exp@ikD ŝb •~r2 2 r4!#

1 exp@ikD ŝa •D~r1 2 r3!#%E~zi!

3 E )
i51

4

dRiH~Ri!P~r1 , R1!P~r3 , R3!

3 P~R2 , r2!P~R4 , r4!, (38)

where H(R) accounts for the Hikami phase box describ-
ing the crossing of the two diffusons. It is given by5,7,26,29

H~r1 , r2 , r3 , r4! 5
le

5

24pk2 E dr)
i51

4

d ~r 2 ri!¹2 •¹4 ,

(39)

where we have defined

E~zi! 5 exp@2~z1 1 z3!/le#

3 exp~2uL 2 z2u/le!exp~2uL 2 z4u/le!.

(40)

The two gradients act on the incoming diffusons for the
case of the diagrams on the left in Fig. 8 and on the out-
going diffusons for the diagrams on the right, and both
give the same contribution. Performing the integrals
over the zi’s is equivalent to assuming that z1 5 z3 5 le
and z2 5 z4 5 L 2 le . Hence

dTabdTa8b8

~2 !
5

lec
4

24pk2S
E

0

L

dz@]zP~0, le , z !#2

3 P~qb , z, L 2 le!
2, (41)

where, for the geometry of the slab, P(qb , z, z8) is given
by Eq. (26) with qb 5 kuD ŝbu. Hence, in the limit qble
! 1,

]zP~0, le , z ! 5 2
le

DL
, P~qb , z, L 2 le! 5

le

D

sinh qbz

sinh qbL
,

(42)

so that

dTabdTa8b8

~2 !
5

81

48p

le

k2LS
F2~qbL !, (43)

where we have defined

F2~x ! 5
1

sinh2 x S sinh 2x

2x
2 1 D . (44)

The total contribution of the two diagrams to the angular-
correlation function is thus given at this order by5,29,31,32

Caba8b8
~2 !

5
dTabdTa,b8

Tab

2 5
1

g
@F2~qaL ! 1 F2~qbL !#.

(45)

The function F2(x) decreases like 1/x at infinity and not
exponentially like the correlation function Caba8b8

(1) in the
absence of diffuson crossings. For instance, the speckle
pattern associated with an incident light such that a
5 a8 involves long-range angular correlations, but of
weak amplitude proportional to 1/g that accounts for the
crossing probability, namely

Cabab8
~2 !

5
1

g S 2

3
1 F2~kLD ŝb!D →

bÞb8 2

3g
(46)

A higher-order contribution in the expansion of the
angular-correlation function in powers of 1/g involves two
crossings and is represented in Fig. 10. It is easy to see
that it does not involve any angular structure as a result
of the pairing of the trajectories. The respective correla-
tion function thus corresponds to the angular structure

C ~3 !: ~aa !~a8a8! → ~bb !~b8b8!. (47)

To proceed further, we consider the case depicted by K1
in Fig. 10. Its calculation is analogous to those leading to
Cabab8

(2) , and we take the gradients in the two phase boxes
as acting on the incoming and outgoing diffusons and not
on the internal ones. We thus obtain

dTabdTa8b8

~3 !
uK1

5 ~2h4!2
le

4

~4p!4S2 S 4pc

le
2 D 4

3 E
0

LE
a

L

dzdz8@]zP~0, le , z !#2

3 P~0, z, z8!2@]z8P~0, z8, L 2 le!#
2,

(48)

with h4 5 le
5/48pk2, so that

Caba8b8
~3 ! uK1

5
4

g2

D2

L4 E
0

LE
0

L

dzdz8P~z, z8!2. (49)

Case K2 in Fig. 10 gives an identical contribution, while
K3

d and K3
c give each half of the K1 contribution.5 Finally

Fig. 10. Two crossings terms. Such diagrams do not give rise
to an angular structure.
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Caba8b8
~3 !

5
dTabdTa8b8

~3 !

T̄ ab
2

5
2

15

1

g2 . (50)

This expression is said to be universal in the sense that it
does not depend on the elastic mean free path le , i.e., on
the disorder. It is the equivalent of the well-known uni-
versal conductance fluctuations in electronic systems.33,34

It is interesting to note that we have obtained an iden-
tical result using a different definition of the transmission
coefficient, i.e., a different geometry where the conduction
channels do not appear. This is true for the relative fluc-
tuations but not for the second moment.

There are other contributions to the two-crossings term
that have the angular structure of either C (1) or C (2).
They correspond to higher-order terms in the 1/g expan-
sion of the corresponding correlation functions.

The different contributions associated with the cross-
ings of diffusons have been identified and measured.35

We shall come back to this in Section 6.

6. DIFFUSIVE-WAVE SPECTROSCOPY:
DECOHERENCE
In the previous sections, we have studied interference ef-
fects in the elastic multiple scattering of light in random
systems. As such, the effects are very sensitive to the co-
herence properties in the system. We have discussed in
the introduction various sources of decoherence. Here,
we are not interested in the properties of the source and
we assume that it emits coherent, monochromatic waves.
Instead, we focus on the coherence properties of the scat-
tering medium.

We have seen that the diffuson or the cooperon results
from the pairing of two complex-conjugate amplitudes de-
scribing the same sequences of scattering events. A full-
phase coherence is maintained as long as the two complex
amplitudes that contribute to the diffuson and the coop-
eron remain in phase. If, on the other hand, a random
source of dephasing affects differently the two conjugate
scattering sequences, this will lead to a loss of coherence
and to a washout of the interference effects.

To be more specific, we consider again the case of a non-
deterministic motion of the scatterers. Then, following
the discussion of the introduction, the degree of coherence
at a point r of the scalar electric field E(r, T) is given by
the time-correlation function of Eq. (1). The electric field
inside the scattering medium results from the superposi-
tion of all the multiple-scattering sequences:

E~r, T ! 5 (
n51

`

(
Cn

uA@Cn~T !#uexp@ifn~T !#, (51)

where Cn is a sequence of n scatterings and where the
phase fn(T) depends on the disorder configuration at
time T. The degree of coherence may thus be expressed
as

g12~r, T ! } (
n,n8

(
Cn ,Cn8

^uA@Cn~T !#uuA@Cn8~0 !#u

3 exp$i@ fn~T ! 2 fn8~0 !#%&, (52)
where the notation ^...& accounts for the average over the
multiple-scattering sequences in the medium and over
the stationary distribution describing the motion of the
scatterers. We use the ergodic assumption for a station-
ary medium, which assumes that all the multiple-
scattering paths are time independent. Therefore, the
ensembles of paths $Cn(T)% and $Cn(0)% are identical.
The amplitude term in expression (52) thus becomes in-
dependent of T, i.e., independent of the motion of the scat-
terers. Its average over the configurations of disorder
gives the diffuson, so that

g12~r, T ! } (
n

P~r0 , r, n !^exp$i@ fn~T ! 2 fn~0 !#%&,

(53)

where P(r0 , r, n) is the contribution of the scattering
paths of length n to the classical probability expression
(6) for a source in r0 . It results from this expression that
the insight relative to the motion of the scatterers ap-
pears only in the phase factors Dfn(T) 5 fn(T)2fn(0).
The degree of coherence may be calculated along these
lines either for the diffuson (d) or the cooperon (c), which
differ only by the phase factors Dfn

(c,d)(T) 5 fn(T)
6 fn(0).

To proceed further, let us assume a Brownian motion of
the scatterers characterized by a diffuson constant Db

[not to be mistaken for the diffuson coefficient D 5
1
3 vle

obtained in the diffuson approximation of Eq. (7)]. Then,
for long enough multiple-scattering trajectories param-
etrized by the time t 5 nte , we have5

^exp@iDfn~T !#& . expF2
1

2
^Dfn

2~T !&G
5 exp@2nte /tf~T !# 5 exp@2t/tf~T !#,

(54)

where we have introduced the phase-coherence time tf

5 (te/2k2)(1/DbT) beyond which the interference effects
disappear. A phase-coherence length can be defined as
well through the relation Lf 5 (Dtf)1/2. We emphasize
here again that decoherence gives rise to an irreversible
loss of interference patterns. We may think of other con-
trolled and reversible ways of changing the interference
pattern, such as, for instance, an Aharonov–Bohm mag-
netic flux in weakly localized electronic systems36 leading
to the Sharvin–Sharvin effect.

Only trajectories with time t 5 nte smaller than the
phase coherence time tf(T) can interfere. This defines
the mesoscopic regime. Unlike electronic systems, for
which this term has been coined and where Lf is very
small (typically Lf is a few micrometers at mK tempera-
tures), the phase-coherence length in optical systems
might be quite large so that coherence effects are observ-
able up to macroscopic scales.

A quantity often measured in the multiple-scattering
regime of photons is not the degree of coherence g12(T)
but instead the intensity-correlation function g2(T) de-
fined by

g2~T ! 5
^I~T !I~0 !&

^I~0 !&2 2 1, (55)
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with the usual relation I(T) 5 uE(T)u2 between the inten-
sity and the field. Consequently, the degree of coherence
of relation (53) is expressed in terms of the diffuson in the
form

g12~r, T ! 5 E
0

`

dtP~r, t !exp~2tT/2tbte!, (56)

where the time tb 5 1/4Dbk2 accounts for the motion of
one scatterer. If we remember that the time parameter
t 5 nte measures the length of the multiple-scattering
trajectories, we interpret the previous relation by saying
that the characteristic dephasing time for the two com-
plex amplitudes paired in trajectories of length n is pro-
portional to tb /n. Then, the longer the multiple-
scattering trajectory, the shorter its coherence time. For
n 5 1, we recover the single-scattering case, namely, the
time-correlation function decreases exponentially with
the time tb . Multiple scattering offers this interesting
advantage of probing the correlation function at times
very short compared to tb , i.e., to single scattering. The
typical length of the longest diffusive trajectories ob-
tained experimentally corresponds to values of n between
102 and 103. This sensitivity of the long multiple-
scattering trajectories to dephasing is now used very fre-
quently to characterize dense solutions of classical scat-
terers and to study their dynamics. It has been given the
name diffusive-wave spectroscopy.11,37–39

We have seen when studying the coherent backscatter-
ing peak that the long multiple-scattering trajectories cor-
responding to the cooperon contribute mainly at small
angles. In the presence of dephasing, the trajectories
longer than the phase-coherence length are washed out,
leading to a rounding of the backscattering peak. Some-
thing similar happens to the degree of coherence g12(T).
We can make this statement more quantitative by noting
that for a semi-infinite system, the expression of the de-
gree of coherence g12(T) can be deduced from expression
(16) of the coherent albedo ac(u), provided we make the
formal replacement

Dk'
2 ↔

1

tf

5
T

2tetb
. (57)

Fig. 11. Trajectories contributing to the time-correlation func-
tions.
To proceed further and to calculate the intensity-
correlation function g2(T), we note that it involves the
average of the product of four electric fields. Hence, by
using the pairing rules of the amplitudes as in the calcu-
lation of the angular-correlation function (see Fig. 11), we
obtain11

g2~T ! 5 ug12~T !u2. (58)

In the limit T 5 0, we recover the second moment of the
Rayleigh law, Eq. (23). For a slab with fixed ingoing and
outgoing waves, we obtain, by using relations (56) and
(58), the corresponding expression g2

(1)(T)12,38

g2
~1 !~T ! 5 F1~L/Lf! 5 S L/Lf

sinh L/Lf
D 2

, (59)

with Lf(T) 5 le(2tb/3T)1/2. It can also be derived from
relation (30) by replacing 1/qa by Lf(T). The intensity-
correlation function decreases exponentially with time T
and with a characteristic time T* given by T*
. tb(L/le)

2.
An advantage of the measurement in transmission as

compared with reflection is that only long multiple-
scattering trajectories that transit the sample do enter.
For such trajectories, the diffuson approximation is justi-
fied, while in reflection, for instance for the albedo, short
trajectories also contribute which cannot be described us-
ing the diffuson approximation.

Relation (58) is correct whenever diffuson crossings can
be neglected. Higher-order terms in powers of 1/g for the
time-correlation function are obtained from the possible
pairings of the four complex amplitudes as represented in
Fig. 11. For the case of one crossing, we note that, unlike
g2

(1)(T), the corresponding correlation-function g2
(2)(T) in-

volves two kinds of diffusons: those whose amplitudes
are taken at the same time and those taken at times 0
and T. The calculation can be achieved along the same
lines as for the angular-correlation function Caba8b8

(2) with
the result26,30

g2
~2 !~T ! 5

2

g
F2~L/Lf!, (60)

where the function F2(x) has been defined in Eq. (44).
Unlike g2

(1)(T), this correlation function decreases at
large times like a power law. It is smaller than g2

(1)(T)
by a factor of 1/g, so that its measurement requires one to
get rid of g2

(1)(T). This can be achieved by an angular in-
tegration over the outgoing directions or, equivalently, by
averaging over a large number of speckle spots.39,40

The correlation-function g2
(3)(T) with two diffuson

crossings is more involved. We can no longer derive it
from the angular-correlation function and replace qa by
1/Lf since, as noted before, g2

(3) has no angular structure.
By using the rules we have set for phase boxes and ex-
pression (26) for P in the slab geometry, and by replacing
k' by 1/Lf , we obtain5

g2
~3 !~T ! 5 E

0

LE
0

L

dzdz8P2~1/Lf , z, z8! 5
L4

8D2 F3~L/Lf!,

(61)

so that
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g2
~3 !~T ! 5

1

g2 F3~L/Lf!, (62)

where we have defined

F3~x ! 5
3

2

2 1 2x2 2 2 cosh 2x 1 x sinh 2x

x4 sinh2 x
. (63)

We recover the result C (3)(0) 5 2/15 for Lf → `. The
expression of g2

(3)(T) given by Eq. (61) involves the inte-
gral of P2. This originates from the closed loop appear-
ing in Fig. 11. This expression looks quite close to those
proposed in Ref. 35, but it gives a much slower time de-
pendence that should be sought in the behavior of the dis-
tribution of all closed loops inside the slab, and not only
those reaching the boundaries. The term g2

(3)(T) is much
more difficult to observe35 since it is proportional to
1/g2. 1024.

Unlike g2
(1)(T), the two other contributions to the time-

correlation function of the intensity cannot be written in
terms of the degree of coherence g12(T). This is due to
the presence of the phase boxes that entangle the complex
amplitudes of the diffusons. This situation is, in a sense,
analogous to those encountered for the time-correlation
functions of photons for which there is no relation be-
tween the quantum degrees of first-and second-order
coherence.41 Nevertheless, the single time that charac-
terizes all the correlation functions is the phase-
coherence time tf . This is a consequence of our assump-
tion of scalar waves. We expect different results when
we take into account the polarization of the wave and its
coupling to degrees of freedom of the scatterers as in cold
atomic gases.13,14,42,43
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